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THE EDGE IDEALS OF COMPLETE MULTIPARTITE
HYPERGRAPHS
DARIUSH KIANI AND SARA SAEEDI MADANI
Abstract. We classify all complete uniform multipartite hypergraphs with respect to
some algebraic properties, such as being (almost) complete intersection, Gorenstein,
level, l-Cohen-Macaulay, l-Buchsbaum, unmixed, and satisfying Serre’s condition Sr ,
via some combinatorial terms. Also, we prove that for a complete s-uniform t-partite
hypergraph H, vertex decomposability, shellability, sequentially Sr and sequentially
Cohen-Macaulay properties coincide with the condition thatH has t−1 sides consisting
of a single vertex. Moreover, we show that the latter condition occurs if and only if it
is a chordal hypergraph.
1. Introduction
In recent years, many authors have focused on studying different kinds of monomial ideals
associated to combinatorial objects, such as Stanley-Reisner ideals, facet ideals, edge ideals
and path ideals (see for example [3],[10], [11], [12], [16] and [17]). In this paper, we study
edge ideals of hypergraphs.
A hypergraph H with finite vertex set V (H) is a family of nonempty subsets of V (H)
whose union is V (H), called edges. The set of vertices and edges of H are denoted by
V (H) and E(H), respectively. Sometimes, we also use H as its set of edges. An induced
subhypergraph of H, over S ⊆ V (H), is defined as HS = {e ∈ H : e ⊆ S}. If
all the edges of a hypergraph H have the same cardinality t, then it is said that H is
t-uniform (also sometimes referred as a t-graph). We call an edge of cardinality one,
an isolated vertex. If none of the edges of H is included in another, then H is called a
simple hypergraph. Throughout this paper, we mean by a hypergraph, a simple one.
In this paper, we focus on a class of uniform hypergraphs called t-partite which is a
generalization of multipartite graphs. These hypergraphs are important from the combi-
natorial point of view. The organization of this paper is as follows. In Section 2, we bring
some definitions and general properties of hypergraphs and simplicial complexes, and also
some relations between combinatorial objects and algebraic ones. For this purpose, we
mostly use [1] and [5]. Moreover, we introduce the class of multipartite hypergraphs, and
in the case of complete multipartite hypergraphs, we pose some of their basic properties,
which will be used in the other sections. In Section 3, we investigate about some algebraic
properties of complete multipartite hypergraphs, like being (almost) complete intersection,
Gorenstein, level, l-Cohen-Macaulay, l-Buchsbaum, unmixed, and satisfying Serre’s con-
dition Sr, via studying their independent complexes. For a complete s-uniform t-partite
hypergraph H, we show that level, Cohen-Macaulay and Sr properties are equivalent to
the condition that all sides of H have just one vertex, which happens just in the case that
the independent complex of H is a matroid. On the other hand, we show that the indepen-
dent complex of a complete s-uniform t-partite hypergraph is a matroid if and only if it is
a tight complex. Moreover, we show that when s > 2, Buchsbaumness is also equivalent
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to them. Furthermore, we prove that being complete intersection and Gorenstein coincide
for complete uniform multipartite hypergraphs. We also characterize all complete uniform
multipartite hypergraphs whose edge ideals are l-Cohen-Macaulay (resp. l-Buchsbaum).
Moreover, we determine the shape of those complete multipartite hypergraphs whose edge
ideals are almost complete intersection. In Section 4, we prove that vertex decomposability
and shellability of the independent complex of a complete s-uniform t-partite hypergraph
H are equivalent to sequentially Sr and sequentially Cohen-Macaulayness, and all these
occur if and only if H has t−1 sides with a single vertex, which is also equivalent to being
a chordal hypergraph.
2. Preliminaries
In this section, we review some notions and facts around hypergraphs and simplicial
complexes. Actually, there are some correspondences between simple hypergraphs and
simplicial complexes, which we will mention some of them. Also, we introduce the class
of s-uniform t-partite hypergraphs and mention their basic properties, which we will use
in the sequel.
First, recall that a simplicial complex ∆ on the vertex set V (∆) is a collection of
subsets of V (∆) such that if F ∈ ∆ and G ⊆ F , then G ∈ ∆. An element in ∆ is called a
face of ∆, and F ∈ ∆ is said to be a facet if F is maximal with respect to inclusion. We
denote the set of facets of ∆ by F(∆). Let F(∆) = {F1, . . . , Fq}. We sometimes write
∆ = 〈F1, . . . , Fq〉. A simplicial complex ∆ = 〈F1, . . . , Fq〉 is connected if for every pair
i, j, where 1 ≤ i < j ≤ q, there exists a sequence of facets Ft1 , . . . , Ftr of ∆ such that
Ft1 = Fi, Ftr = Fj and Fts ∩ Fts+1 6= ∅, for s = 1, . . . , r − 1. An induced subcomplex
of ∆, over S ⊆ V (∆), is defined as ∆S = {F ∈ ∆ : F ⊆ S}. For every face G ∈ ∆, we
define the star and link of G as
st∆G = {F ∈ ∆ : G ∪ F ∈ ∆},
lk∆G = {F ∈ ∆ : G ∩ F = ∅ , G ∪ F ∈ ∆}.
The dimension of a face F is |F |−1. Let d = max{|F | : F ∈ ∆}. Then the dimension
of ∆, which is denoted by dim(∆), is d − 1. Let fi = fi(∆) denote the number of faces
of dimension i. The sequence f(∆) = (f0, f1, . . . , fd−1) is called the f -vector of ∆. By
the convention, we set f−1 = 1. We say that ∆ is pure if all of its facets have the same
dimension. An important class of pure simplicial complexes is the class of matroids. A
matroid is a simplicial complex such that if F and G are two faces of it, and F has more
elements than G, then there exists an element in F which is not in G that when added to
G still gives a face. Another class of pure simplicial complexes which contains matroids
is the class of tight complexes. A pure simplicial complex ∆ is called a tight complex
if there is a labelling of the vertices such that for every pair of facets G1, G2 and vertices
i ∈ G1\G2, j ∈ G2\G1 with i < j, there is a vertex j′ ∈ G1\G2 such that (G2 \{j})∪{j′}
is a facet.
A transversal of a simplicial complex ∆ (resp. hypergraph H) is a subset A of its
vertex set, with the property that for every facet Fi (resp. edge e), Fi ∩ A 6= ∅ (resp.
e ∩ A 6= ∅). A minimal transversal of ∆ (resp. H) is a subset A of vertices such
that A is a transversal and no proper subset of A is a transversal of ∆ (resp. H). The
minimal number of vertices of all the minimum transversals of ∆ (resp. H) is called the
transversal number of ∆ (resp. H), and denoted by τ(∆) (resp. τ(H)).
The family of minimal transversals of a hypergraph H constitutes a simple hypergraph
on V (H), called the transversal hypergraph of H and is denoted by Tr(H).
An independent set of H is a set of vertices which does not contain any edges of H.
One can see that a subset of vertices F is maximal independent if and only if V (H) \F is
minimal transversal, that is F ∈ F(Ind(H)) if and only if V (H)\F ∈ Tr(H). The maximal
THE EDGE IDEALS OF COMPLETE MULTIPARTITE HYPERGRAPHS 3
number of vertices of all the maximal independent sets of H is called the independent
number of H, and denoted by i(H). The independent complex of a hypergraph H is
defined as
Ind(H) = 〈F ⊆ V (H) : F is a maximal independent set of H〉.
One can see that (Ind(H))W = Ind(HW ), for all W ⊆ V (H).
The edge complex of a hypergraph H is defined as
∆(H) = 〈e : e ∈ H〉.
Similarly, associated to a simplicial complex ∆ is the facet hypergraph which is defined
as
H(∆) = {e ⊆ V (∆) : e ∈ F(∆)}.
Let R = K[x1, . . . , xn], where K is a field. The edge ideal of a hypergraph H on n
vertices, is the monomial ideal
I(H) = (xe : e ∈ H).
Note that by xe, we mean xi1 · · ·xis , where e = {xi1 , . . . , xis}.
The Stanley-Reisner ideal of a simplicial complex ∆ is the monomial ideal
I∆ = (x
F : F /∈ ∆).
One can easily see that I(H) = IInd(H). The Stanley-Reisner ring of ∆ is defined as
R/I∆.
The Alexander dual of ∆ is the simplicial complex
∆∨ = {F c : F /∈ ∆}.
Let I be a squarefree monomial ideal. The squarefree Alexander dual of
I = (x1,1 · · ·x1,s1 , . . . , xt,1 · · ·xt,st)
is the ideal
I∨ = (x1,1, . . . , x1,s1) ∩ · · · ∩ (xt,1, . . . , xt,st).
One has I∆∨ = (I∆)
∨. Also, note that (I(H))∨ = I(Tr(H)).
An s-uniform hypergraph H is said to be t-partite (sometimes called t-colored s-
graph), if its vertex set V (H) can be partitioned into sets V1, V2, . . . , Vt, called the sides
of H, such that every edge in the edge set E(H) of H consists of a choice of precisely one
vertex from each side. When s = t, it is also said that every edge is colorful. An s-uniform
t-partite hypergraph consisting all possible edges in this way, is called the complete s-
uniform t-partite hypergraph. A t-partite hypergraph is said to bem-balanced if |Vi| = m
for every i = 1, . . . , t. Throughout the paper, H is the complete s-uniform t-partite
hypergraph with sides V1, V2, . . . , Vt, unless something else is mentioned.
The next proposition follows by definitions and properties mentioned above:
Proposition 2.1. Let H be a complete s-uniform t-partite hypergraph with 2 ≤ s ≤ t,
and |V1| ≤ |V2| ≤ · · · ≤ |Vt|. Then we have:
(a) Ind(H) =
〈⋃s−1
j=1 Vij : 1 ≤ i1 < · · · < is−1 ≤ t
〉
.
(b) Tr(H) =
{⋃t−s+1
j=1 Vij : 1 ≤ i1 < · · · < it−s+1 ≤ t
}
.
(c) i(H) =
∑t
i=t−s+2 |Vi|, and τ(H) =
∑t−s+1
i=1 |Vi|.
(d) dim(R/I(H)) = dim(Ind(H)) + 1 =
∑t
i=t−s+2 |Vi|, and ht(I(H)) =
∑t−s+1
i=1 |Vi|.
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(e) If H is m-balanced for some m ≥ 1, then ht(I(H)) = m(t−s+1) and dim(R/I(H)) =
m(s− 1).
3. Algebraic properties (Gorenstein, Cohen-Macaulay, Sr, Buchsbaum, and
more)
In this section, we study some of the algebraic properties of the edge ideal of a complete
s-uniform t-partite hypergraph. We characterize complete intersection, almost complete
intersection, Gorenstein, level, l-Cohen-Macaulay, l-Buchsbaum, Sr, and unmixed com-
plete uniform multipartite hypergraphs. Moreover, we show that level, Cohen-Macaulay
and Sr properties are equivalent. On the other hand, we prove that complete intersec-
tion and Gorenstein properties coincide. The following theorem characterizes all unmixed
edge ideals of complete multipartite hypergraphs. First, note that the edge ideal I(H) is
unmixed if and only if H is an unmixed hypergraph.
Theorem 3.1. Let H be a complete s-uniform t-partite hypergraph, with 2 ≤ s ≤ t. Then
I(H) is unmixed if and only if H is m-balanced for some m ≥ 1.
Proof. We have I(H) is unmixed if and only if all the minimal transversals of H have the
same cardinality, that is all elements of Tr(H) have the same cardinality. On the other
hand, the cardinality of the union of every t−s+1 sides of H is the same if and only if all
the sides have the same number of elements. Thus, by Proposition 2.1, I(H) is unmixed if
and only if all the sides of H have the same size, say m ≥ 1, that is H is m-balanced. 
Let ∆ be a simplicial complex of dimension d − 1. According to the famous Reisner’s
criterion, R/I∆ is Cohen-Macaulay if and only if H˜i(lk∆F ;K) = 0, for all F ∈ ∆ and all
i < dim(lk∆F ). Also, Terai has formulated the analogue of Reisner’s criterion for Cohen-
Macaulay simplicial complexes in the case of Sr simplicial complexes, where r ≥ 2 (see
[15, page 4, after Theorem 1.7]). Precisely, R/I∆ is Sr if and only if for all −1 ≤ i ≤ r− 2
and all F ∈ ∆ with |F | ≤ d− i− 2, we have H˜i(lk∆F ;K) = 0.
Moreover, recall that R/I∆ is level if and only if it is Cohen-Macaulay and βp(R/I∆) =
βp,j(R/I∆), for some j, where p = pd(R/I∆). Now we have the following characterization
of complete s-uniform t-partite hypergraphs:
Theorem 3.2. Let H be a complete s-uniform t-partite hypergraph with 2 ≤ s ≤ t, and
let r ≥ 2. Then the following conditions are equivalent:
(a) R/I(H) is level.
(b) R/I(H) is Cohen-Macaulay.
(c) R/I(H) satisfies Serre’s condition Sr.
(d) H is 1-balanced, i.e. H is the complete s-uniform hypergraph over t vertices.
(e) Ind(H) is a matroid.
(f) Ind(H) is a tight complex.
Proof. (a) ⇒ (b) ⇒ (c), and (e) ⇒ (f) are clear.
(c) ⇒ (d) Suppose that R/I(H) satisfies Serre’s condition Sr. Then I(H) is unmixed,
by [4, Remark 2.4]. So, by Theorem 3.1, H is m-balanced for some m ≥ 1. Suppose on
the contrary that m ≥ 2. Let F :=
⋃s−2
i=1 Vi and ∆ := Ind(H). By Proposition 2.1, F ∈ ∆,
and also dim(∆) = m(s− 1)− 1. Since m ≥ 2, we have |F | = m(s− 2) ≤ (s − 1)m − 2,
and hence by the formulation of Terai, H˜0(lk∆F ;K) = 0. So, lk∆F = 〈Vs−1, Vs, . . . , Vt〉
is connected, by [14, Chapter 0, Proposition 3.3], which is a contradiction.
(d) ⇒ (e) If H is 1-balanced, then Ind(H) is the collection of all subsets of cardinal-
ity less than or equal to s of t vertices. So, by definition, Ind(H) is a matroid.
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(e) ⇒ (a) follows from [14, Chapter III, Theorem 3.4].
(f)⇒ (b) If Ind(H) is a tight complex, then R/I(H)(2) is Cohen-Macaulay, by [6, Theorem
2.5] (see also [7]), where I(H)(2) is the second symbolic power of I(H). Thus, R/I(H) is
also Cohen-Macaulay, by [6, Theorem 2.1]. 
When s = 2, we have a complete t-partite graph. So, we deduce the following result of
[13]:
Corollary 3.3. Let G be a complete t-partite graph. Then R/I(G) is Cohen-Macaulay if
and only if G is the complete graph over t vertices.
There is also a formulation for Buchsbaumness with respect to the reduced homol-
ogy groups of a simplicial complex ∆ (see [9, Theorem 2]). According to it, R/I∆ is
Buchsbaum if and only if ∆ is pure and H˜i(lk∆F ;K) = 0, for all F ∈ ∆ \ {∅} and all
i < dim(lk∆F ). So, if R/I∆ is Buchsbaum, then it is Cohen-Macaulay. As a general-
ization of Buchsbaumness, we recall l-Buchsbaum property (l-Cohen-Macaulay property
is defined similarly). Precisely, R/I∆ is called l-Buchsbaum (resp. l-Cohen-Macaulay) if
for all W ⊂ V = V (∆) with |W | < l, one has R/I∆V \W is Buchsbaum (resp. Cohen-
Macaulay) and dim(∆) = dim(∆V \W ) (see [8, page 370]). Obviously, 1-Buchsbaum (resp.
1-Cohen-Macaulay) and Buchsbaum (resp. Cohen-Macaulay) properties coincide.
The following theorem shows that whenever s ≥ 3, Buchsbaum property is also equiv-
alent to those mentioned in Theorem 3.2. More generally, we have:
Theorem 3.4. Let H be a complete s-uniform t-partite hypergraph, with 3 ≤ s ≤ t, and
let l ≥ 1. Then R/I(H) is l-Buchsbaum if and only if H is 1-balanced and l ≤ t− s+ 2.
In particular, Buchsbaum and 2-Buchsbaum properties for R/I(H) coincide, and they are
equivalent to the conditions in Theorem 3.2.
Proof. Let ∆ := Ind(H). If R/I(H) is l-Buchsbaum, then it is Buchsbaum, and hence
unmixed. So, by Theorem 3.1, H is m-balanced for some m ≥ 1. Suppose that m ≥ 2,
and let F :=
⋃s−2
i=1 Vi. Since s ≥ 3, we have ∅ 6= F ∈ ∆, by Proposition 2.1. Using a
similar argument as in the proof of Theorem 3.2, we have H˜0(lk∆F ;K) = 0, since m ≥ 2,
lk∆F = 〈Vs−1, Vs, . . . , Vt〉, and so dim(lk∆F ) = m − 1. Hence, lk∆F is connected, a
contradiction. So, H is 1-balanced. Therefore, ∆ is the simplicial complex over t vertices,
whose facets are all subsets of cardinality s − 1 of the vertex set, and dim(∆) = s − 2.
On the other hand, since H is l-Buchsbaum, we have dim(∆) = dim(∆V \W ), for all
W ⊂ V = V (∆) with |W | < l. Thus, we have s − 1 ≤ t − (l − 1), and so l ≤ t − s + 2.
Conversely, suppose that H is 1-balanced and l ≤ t−s+2. Assume thatW ⊂ V such that
|W | < l. Hence, s ≤ t−|W |+1. If s = t−|W |+1, then HV \W does not have any edges, so
that ∆V \W = Ind(HV \W ) is a simplex on V \W of dimension t− |W | − 1 = s− 2. Thus,
R/I(HV \W ) is Cohen-Macaulay. If s ≤ t − |W |, then HV \W is a 1-balanced complete
s-uniform (t − |W |)-partite hypergraph. Thus, by Theorem 3.2, R/I(HV \W ) is Cohen-
Macaulay. Moreover, by Proposition 2.1, dim(∆V \W ) = dim(∆) = s − 2. Therefore, in
both cases, R/I(H) is l-Cohen-Macaulay, and hence l-Buchsbaum. 
The next theorem completes the characterization of the edge ideal of complete s-uniform
t-partite hypergraphs with respect to Buchsbaum property. We denote an m-balanced
complete t-partite graph, where m ≥ 1 and t ≥ 2, by Kt∗m.
Theorem 3.5. Let G be a complete t-partite graph with t ≥ 2. Then the following
conditions are equivalent:
(a) R/I(G) is Buchsbaum.
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(b) I(G) is unmixed.
(c) G is just Kt∗m, for some m ≥ 1.
Proof. (a) ⇒ (b) is clear.
(b) ⇒ (c) follows from Theorem 3.1.
(c) ⇒ (a) Suppose that G is of the form Kt∗m, for some m ≥ 1, and ∆ := Ind(G). So,
∆ = 〈V1, . . . , Vt〉. Let F be a nonempty face of ∆. So, it is contained in some Vi. Thus,
lk∆F is either {∅} or a simplex, so that H˜i(lk∆F ;K) = 0, for all i. Therefore, R/I(G) is
Buchsbaum. 
Remark 3.6. Note that whenG is a complete t-partite graph, R/I(G) is not l-Buchsbaum,
for l ≥ 2, unless G is complete. More precisely, let G be a complete t-partite graph on
V . Also, let V1, . . . , Vt be the sides of G. If G is non-complete, then |Vi| ≥ 2, for all
i = 1, . . . , t. Now, if R/I(G) is l-Buchsbaum, for some l ≥ 2, then it is Buchsbaum and
hence it is just Kt∗m, for some m ≥ 2, by Theorem 3.5. Let v ∈ V1. Then R/I(GV \{v}) is
Buchsbaum, by the definition. But this is a contradiction, again by Theorem 3.5, because
V1 has one vertex less than the other sides of GV \{v}.
The following theorem could be seen as a generalization of the equivalency of parts (b)
and (d) of Theorem 3.2:
Theorem 3.7. Let H be a complete s-uniform t-partite hypergraph with 2 ≤ s ≤ t, and
l ≥ 1. Then R/I(H) is l-Cohen-Macaulay if and only if H is 1-balanced and l ≤ t−s+2. In
particular, Cohen-Macaulay and 2-Cohen-Macaulay properties are equivalent for R/I(H).
Proof. If R/I(H) is l-Cohen-Macaulay, then it is also Cohen-Macaulay, and hence un-
mixed. So, by Theorem 3.2, H is 1-balanced. Thus, similar to the proof of Theorem 3.4,
∆ := Ind(H) is the simplicial complex over t vertices, whose facets are all subsets of
cardinality s − 1 of the vertex set, and dim(∆) = s − 2. Since H is l-Buchsbaum, we
have dim(∆) = dim(∆V \W ), for all W ⊂ V = V (∆) with |W | < l. Thus, we have
s − 1 ≤ t − (l − 1), and so l ≤ t − s + 2. The converse is actually proved in Theo-
rem 3.4. 
Recall that for a simplicial complex ∆, R/I∆ is complete intersection if µ(I∆) = ht(I∆),
where by µ(I∆), we mean the number of minimal generators of I∆. Now, we want to char-
acterize all complete uniform multipartite hypergraphs, whose edge ideals are complete
intersection and Gorenstein. For this purpose, the following characterization of Gorenstein
simplicial complexes is needed:
Theorem 3.8. [14, Chapter II, Theorem 5.1] Fix a field k (or Z). Let ∆ be a simplicial
complex and Λ := core(∆). Then the following are equivalent:
(i) ∆ is Gorenstein.
(ii) either (1) ∆ = ∅, o , or o o , or (2) ∆ is Cohen-Macaulay over k of dimension
d − 1 ≥ 1, and the link of every (d − 3)-face is either a circle or o-o or o-o-o , and
χ˜(Λ) = (−1)dim(Λ) (the last condition is superfluous over Z or if char(k) = 2).
Here, core(∆) = ∆core(V ), in which core(V ) = {v ∈ V : st∆{v} 6= ∆}, and χ˜(∆) is the
reduced Euler characteristic of ∆ which is given by χ˜(∆) = −1 +
∑d−1
i=0 (−1)
ifi.
Theorem 3.9. Let H be a complete s-uniform t-partite hypergraph with 2 ≤ s ≤ t. Then
the following conditions are equivalent:
(a) R/I(H) is complete intersection.
(b) R/I(H) is Gorenstein.
(c) H is 1-balanced and s = t, i.e. H has only one edge.
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Proof. (a) ⇒ (b) and (c) ⇒ (a) are clear.
(b) ⇒ (c) Suppose that R/I(H) is Gorenstein. So, it is also Cohen-Macaulay and hence
1-balanced with vertex set {v1, . . . , vt}, by Theorem 3.2. Let ∆ := Ind(H). If s = 2, then
dim(∆) = 0, by Proposition 2.1. So, Theorem 3.8, implies that ∆ is of the form o o, which
is a contradiction. So, suppose that 3 ≤ s. Then dim(∆) ≥ 1, again by Proposition 2.1.
Let F := {v1, . . . , vs−3}. So, lk∆F = 〈{vi, vj} : s− 2 ≤ i < j ≤ t〉, that is the complete
graph on t − s + 3 vertices. Thus, using Theorem 3.8, this complete graph must be a
3-cycle, so that t = s, as desired. 
Let ∆ be a simplicial complex, then R/I∆ is called almost complete intersection if
µ(I∆) = ht(I∆) + 1. The next theorem determines all the complete uniform multipartite
hypergraphs with almost complete intersection edge ideals.
Theorem 3.10. Let H be a complete s-uniform t-partite hypergraph with 2 ≤ s ≤ t. Then
R/I(H) is almost complete intersection if and only if one of the following holds:
(a) H is C3, i.e. the 3-cycle, or
(b) H is the hypergraph over t+1 vertices V = {v1, . . . , vt+1}, and with edges {v1, . . . , vt−1, vt}
and {v1, . . . , vt−1, vt+1}.
Proof. IfH is C3, then µ(I(H)) = 3 and ht(I(H)) = τ(H) = 2. IfH is the hypergraph over
V with edges {v1, . . . , vt−1, vt} and {v1, . . . , vt−1, vt+1}, then µ(I(H)) = 2 and ht(I(H)) =
τ(H) = 1. So, in both cases, we have that R/I(H) is almost complete intersection.
Conversely, suppose that R/I(H) is almost complete intersection and |V1| ≤ · · · ≤ |Vt|.
Now, we consider the following cases:
(1) Suppose that s = t. Then τ(H) = |V1|, by Proposition 2.1, so that µ(I(H)) = |V1|+1.
If |V1| ≥ 2, then |V2| ≥ 2, by our assumption. Thus, each vertex of V1 is contained in at
least two edges. So, the number of edges of H and hence µ(I(H)) is more than or equal
to 2|V1|, which is a contradiction, since µ(I(H)) = |V1|+1 and we assumed that |V1| ≥ 2.
So, we have |V1| = 1. Therefore, µ(I(H)) = 2, that is H has exactly two edges. Thus,
we have |V1| = · · · = |Vt−1| = 1 and |Vt| = 2. So, Vi = {vi}, for all i = 1, . . . , t − 1, and
Vt = {vt, vt+1}. Hence, in this case, H is of the form (b).
(2) Suppose that s < t. Then τ(H) =
∑t−s+1
i=1 |Vi|, by Proposition 2.1, so that µ(I(H)) =∑t−s+1
i=1 |Vi| + 1. Suppose that |Vt| ≥ 2. Let Wi := Vi ∪ (
⋃t
j=t−s+2 Vj), for all i =
1, . . . , t − s + 1. Then, the induced subhypergraph HWi has more than or equal to 2|Vi|
edges, for all i = 1, . . . , t− s+ 1. Also, note that HWi and HWj are pairwise disjoint, for
all i 6= j. Thus, the number of edges of H is more than or equal to 2
∑t−s+1
i=1 |Vi|, so that
µ(I(H)) ≥ 2
∑t−s+1
i=1 |Vi|, which is a contradiction, because µ(I(H)) =
∑t−s+1
i=1 |Vi| + 1.
Therefore, |Vt| = 1, which implies that |Vi| = 1, for all i = 1, . . . , t, by our assumption. So,
V = {v1, . . . , vt} and H is the set of all subsets of cardinality of s of V . So, the number
of edges of H is
(
t
s
)
. On the other hand, µ(I(H)) = t− s+2. Hence,
(
t
s
)
= t− s+2. But,
it occurs if and only if s = 2 and t = 3. Therefore, in this case, H is just C3. 
We end this section by some properties of the Alexander dual of the edge ideal of a
complete s-uniform t-partite hypergraph. First, recall that a homogeneous ideal I whose
generators all have degree d is said to have a d-linear resolution (or simply linear
resolution) if for all i ≥ 0, βi,j(I) = 0 for all j 6= i+ d. By [10, Theorem 3.2], one has
I(H) is weakly polymatroidal, and hence has a linear resolution. So, we have
Proposition 3.11. Let H be a complete s-uniform t-partite hypergraph with 2 ≤ s ≤ t.
Then R/(I(H))∨ is Cohen-Macaulay. Moreover, R/(I(H))∨ is complete intersection if
and only if t = s.
Proof. The first statement follows easily by using [2, Theorem 3]. As we mentioned before,
one has (I(H))∨ = I(Tr(H)). On the other hand, for a monomial ideal J , we know that
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R/J is complete intersection if and only if J is generated by monomials which are pairwise
coprime. Thus, combining these facts together with Proposition 2.1, we get the second
statement. 
4. Vertex decomposable, Shellable and Sequentially Cohen-Macaulay
Complete Multipartite Hypergraphs
In this section, we investigate about those complete uniform multipartite hypergraphs,
whose independent complexes are decomposable and shellable. In fact, we show that
for a complete s-uniform t-partite hypergraph with 2 ≤ s ≤ t, (s − 2)-decomposability,
shellability, sequentially Cohen-Macaulayness, and sequentially Sr property are equivalent.
Moreover, we obtain a characterization with respect to hypergraph’s terms for them. On
the other hand, we determine all chordal complete multipartite hypergraphs, in sense of
[17]. The following theorem is the main result of this section:
Theorem 4.1. Let H be a complete s-uniform t-partite hypergraph with 2 ≤ s ≤ t, and
let r ≥ 2. Then the following conditions are equivalent:
(a) Ind(H) is vertex decomposable.
(b) Ind(H) is shellable.
(c) R/I(H) is sequentially Cohen-Macaulay.
(d) R/I(H) is sequentially Sr.
(e) H has (t− 1) sides consisting of exactly one vertex.
(f) H is a chordal hypergraph.
To prove this theorem, we need some notions and facts that we will mention in the
sequel.
Let ∆ be a (d− 1)-dimensional simplicial complex. For each i = 0, . . . , d− 1, the pure
i-th skeleton of ∆ is defined to be the pure subcomplex ∆[i] of ∆ whose facets are those
faces F of ∆ with |F | = i+ 1.
A graded R-module M is called sequentially Cohen-Macaulay (resp. Sr) (over K)
if there exists a finite filtration of graded R-modules 0 = M0 ⊂ M1 ⊂ · · · ⊂ Mr = M
such that each Mi/Mi−1 is Cohen-Macaulay (resp. Sr), and the Krull dimensions of the
quotients are increasing, i.e.
dim(M1/M0) < dim(M2/M1) < · · · < dim(Mr/Mr−1).
In [3], the authors gave a criterion for being sequentially S2 of Stanley-Reisner rings. They
showed that
Theorem 4.2. [3, Theorem 2.9] Let ∆ be a simplicial complex with vertex set V . Then
R/I∆ is sequentially S2 if and only if ∆
[i] is connected for all i ≥ 1, and R/Ilk∆{x} is
sequentially S2 for all x ∈ V .
Let ∆ be a (d − 1)-dimensional simplicial complex on vertex set V . Then it is said to
be (nonpure) shellable if its facets can be ordered F1, F2, . . . , Fm such that for all i and
all j < i, there exists vl ∈ Fi \ Fj and k < i such that Fi \ Fk = {vl}. If ∆ is shellable,
then R/I∆ is sequentially Cohen-Macaulay (see for example [5, Corollary 8.2.19]).
A simplicial complex ∆ is recursively defined to be vertex decomposable if it is either
a simplex or else has some vertex v so that
(1) both ∆ \ v and lk∆{v} are vertex decomposable, and
(2) no face of lk∆{v} is a facet of ∆ \ v.
Here, by ∆ \ v, we mean the simplicial complex which is obtained from ∆ by removing all
faces that contain v from ∆. A vertex v which satisfies Condition (2) is called a shedding
vertex. Moreover, complexes {} and {∅} are considered to be vertex decomposable. One
has that every vertex decomposable simplicial complex is shellable. (see [16, Section 2]).
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Now, let H be a hypergraph on the vertex set V , and let v ∈ V . The deletion H\ v is
the hypergraph on the vertex set V \ {v} with edges {e : e is an edge of H with v /∈ e}.
The contraction H/v is the hypergraph on the vertex set V \{v} with edges the minimal
sets of {e \ {v} : e is an edge of H}, that is H/v removes v from each edge containing it,
and then removes any redundant edges. A hypergraph H′ obtained from H by repeated
deletion and/or contraction is called a minor of H.
Lemma 4.3. [17, Lemma 2.2] Let H be a hypergraph and v ∈ V (H). Then
(a) Ind(H/v) = lkInd(H){v},
(b) Ind(H \ v) = Ind(H) \ v.
A vertex v of H is called simplicial if for every two edges e1 and e2 of H that contain
v, there is a third edge e3 such that e3 ⊆ (e1 ∪ e2) \ {v}. A hypergraph H is chordal
if every minor of H has a simplicial vertex. Note that this definition coincide with the
original one for simple graphs. (See [17, Sections 2 and 4] for latter definitions. Note that
here we use the words hypergraph and edge instead of what is called clutter and circuit,
respectively, in [17]).
Recall that the join of two simplicial complexes ∆1 and ∆2 on disjoint vertex sets
V1 and V2 is a simplicial complex, denoted by ∆1 ∗∆2, on vertex set V1 ∪ V2 with faces
{F1 ∪ F2 : F1 ∈ ∆1 , F2 ∈ ∆2}.
Proof of Theorem 4.1. (a) ⇒ (b) ⇒ (c) ⇒ (d) are well-known, as we mentioned above.
In the rest of the proof, assume that |V1| ≤ · · · ≤ |Vt|.
(d) ⇒ (e) Suppose that R/I(H) is sequentially Sr, so that it is sequentially S2. Let
∆ := Ind(H). Also, assume that Vi = {vi1, . . . , vini}, for all i = 1, . . . , t. Now, sup-
pose on the contrary that |Vt−1| ≥ 2, so that |Vt| ≥ 2. For all i = 1, . . . , s − 2 and all
j = 1, . . . , ni, we set Γi,j := 〈Vi \ {vi1, . . . , vij}〉, which is a simplex, and Hi to be the
complete (s−i)-uniform (t−i)-partite hypergraph over the set of vertices
⋃t
l=i+1 Vl. Now,
set ∆i,j := Γi,j ∗ Ind(Hi), for all i = 1, . . . , s − 2 and all j = 1, . . . , ni. One can see that
∆i,1 = lk∆i−1,ni−1 {vi1}, and ∆i,j = lk∆i,j−1{vij}, for all j = 2, . . . , ni. Thus, for example,
∆1,1 = Γ1,1 ∗ Ind(H1) = lk∆{v11}, where R/I∆1,1 is sequentially S2, by Theorem 4.2. So,
again by using Theorem 4.2, we have that the Stanley-Reisner ring of ∆1,2 = lk∆1,1{v12}
is sequentially S2. Then, using repeatedly Theorem 4.2, we have that the Stanley-Reisner
ring of ∆i,j is sequentially S2, for all i = 1, . . . , s − 2 and all j = 1, . . . , ni. In partic-
ular, the Stanley-Reisner ring of ∆s−2,ns−2 = Γs−2,ns−2 ∗ Ind(Hs−2) is sequentially S2.
Thus, ∆
[1]
s−2,ns−2
is a connected graph, by Theorem 4.2. But, Γs−2,ns−2 = {∅}, and hence
∆s−2,ns−2 = Ind(Hs−2) = 〈Vs−1, . . . , Vt〉, by Proposition 2.1. Therefore, ∆
[1]
s−2,ns−2
has at
least two connected components over two disjoint sets of vertices Vt−1 and Vt, because
|Vt| ≥ |Vt−1| ≥ 2, a contraction. So, we have |Vt−1| = 1, which implies that |Vi| = 1, for
all i = 1, . . . , t− 1, by our assumption.
(e) ⇒ (a) Suppose that H has t − 1 sides consisting of exactly one vertex. Let
V := V (H), n := |V | ≥ 2 and ∆ := Ind(H). By Proposition 2.1, we have ∆ =
〈{vi1 , . . . , vis−1}, Vt ∪ {vi1 , . . . , vis−2} : 1 ≤ i1 < · · · < is−1 ≤ t − 1〉. Without loss
of generality, we assume that Vj := {vj}, for all j = 1, . . . , t−1, and let Vt := {vt, . . . , vn}.
If s = t, then H \ v1 does not have any edges, and hence Ind(H \ v1) is a simplex
on V \ {v1}, which is vertex decomposable. If s < t, then one can see that H \ v1 is
a complete s-uniform (t − 1)-partite hypergraph over V \ {v1}. Thus, Ind(H \ v1) =
〈{vi1 , . . . , vis−1}, Vt ∪ {vi1 , . . . , vis−2} : 1 < i1 < · · · < is−1 ≤ t − 1〉. Also, one can see
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that H/v1 is a complete (s− 1)-uniform (t − 1)-partite hypergraph over V \ {v1}. Thus,
Ind(H/v1) = 〈{vi1 , . . . , vis−2}, Vt ∪ {vi1 , . . . , vis−3} : 1 < i1 < · · · < is−2 ≤ t− 1〉. So, by
Lemma 4.3, no face of lk∆{v1} is a facet of ∆ \ v1. So, v1 is a shedding vertex. Now, the
result follows by induction on |V (H)| ≥ 2.
(e)⇒ (f) Suppose thatH has t−1 sides consisting of exactly one vertex. If |Vt| = 1, then
H is an s-uniform complete hypergraph and hence chordal, by [17, Example 4.4]. Let |Vt| >
1. If v ∈ Vt, then we show that v is a simplicial vertex ofH. Let e1 = {vi1 , . . . , vis−1 , v} and
e2 = {vj1 , . . . , vjs−1 , v} be two distinct edges of H, where vi1 , . . . , vis−1 and vj1 , . . . , vjs−1
are contained in sides of cardinality 1. Then, there exists jt such that 1 ≤ t ≤ s− 1 and
vjt /∈ {vi1 , . . . , vis−1}. Thus, e3 = {vjt , vi1 , . . . , vis−1} is an edge of H, since vjt is not in
the s − 1 other sides containing the vertices vi1 , . . . , vis−1 . So, e3 ⊆ (e1 ∪ e2) \ {v}, and
hence by the definition, v is a simplicial vertex of H. Now, we show that all minors of H
have a simplicial vertex. If v ∈ Vi, for some i = 1, . . . , t − 1, then similar to the proof of
(e) ⇒ (a), H \ v has no edges or is a complete s-uniform (t− 1)-partite hypergraph over
V \ {v}, and H/v is a complete (s − 1)-uniform (t − 1)-partite hypergraph over V \ {v}.
If v ∈ Vt, then one can see that H \ v is a complete s-uniform t-partite hypergraph over
V \ {v}, and H/v is an (s − 1)-uniform complete hypergraph over V \ Vt. Thus, in all
these cases, the obtained hypergraph has a simplicial vertex, as mentioned above for H.
Thus, by a similar discussion, all minors ofH have a simplicial vertex, so thatH is chordal.
(f) ⇒ (b) follows by [17, Corollary 5.4]. 
Let G and H be two graphs. We denote by G∗H , the join of two graphs G and H , that
is the graph with vertex set V (G)∪V (H), and the edge set E(G)∪E(H)∪{{v, w} : v ∈
V (G), w ∈ V (H)}. Moreover, we denote the complete graph on n vertices, by Kn, and
the complementary of a graph G, by Gc.
Corollary 4.4. Let G be a complete t-partite graph. Then R/I(G) is sequentially Cohen-
Macaulay if and only if G is Kt−1 ∗Kcm, for some m ≥ 1.
The equivalency of parts (a), (b) and (e) of Theorem 4.1 generalizes the results of [13]
for multipartite graphs.
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